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By three methods we may learn wisdom: First, by reflection, which
is the noblest; second, by imitation, which is the easiest and third
by experience which is the bitterest. –Confucius

Continuing the discussion from the last time, we turn to analytic properties
of the bi-involution operators. The mainstay of the analysis is based on Ref. [1].
Using the eigen-decomposition of W , as applied to reversible Markov chains, we
show how a quadratic speed up is obtained. Throughout we will draw compar-
isons to the anaylsis of Grover’s operator given in the first lecture to illustrate
how Szegedy’s work is a broad generalization of Grover’s algorithm.

1 General bi-involution operators

In the first lecture, we considered a bi-reflection operator about two one-dimensional
subspaces, |s〉〈s| and |w〉〈w|.

1.1 General properties of bi-involutions

Suppose we have two projectors of dimension da and dimension db,

Pa =

da∑
x=1

|φx〉〈φx| (1)

Pb =

db∑
y=1

|ψy〉〈ψy| (2)
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The identification with Markov chains was done using transition vectors,

|φx〉 =
∑
y

√
pxy|x〉|y〉 = |x〉|px〉 (3)

|ψy〉 =
∑
x

√
qyx|x〉|y〉 = |qy〉|y〉 (4)

These vector imbue the following form for the projector and corresponding re-
flection (shown for 1 and 3),

Pa =
∑
x

|φx〉〈φx| =
∑
x

|x〉〈x| ⊗ |px〉〈px| (5)

RA =
∑
xyy′

|x〉〈x| ⊗
(
2
√
pxypxy′ − δyy′

)
|y〉〈y′| (6)

Note how only the right part of the tensor space is affected while the left part
remains invariant. We will return to this point next lecture.

Continuing from last time, we defined the half-projectors,

A =
∑
x

|φx〉〈x| (7)

B =
∑
y

|ψy〉〈y| (8)

The half projectors share a common domain Hv which, for now, is arbitrary.
The operators A maps onto HA=span[{φx}] and B maps onto HB=span[{ψy}].
These half-projectors are related to the projectors via Pa = AA† and Pb = BB†.
The unitary bi-reflection operator (Szegedy’s operator) is now given by

W = (2AA† − 1)(2BB† − 1) = RARB . (9)

For the remainder of the chapter W will denote the bi-reflection operator and
it is parameterized by the two input subspaces of the Hilbert space.

Previously, we gave a geometric decomposition of the Hilbert space depicted
in Fig. 1. Now we turn to an more quantitative spectral analysis of the W
operator.

First, we consider the dimensionality of the spaces. Let N be the dimension
of the edge Hilbert space. Define matrix C as the matrix formed by all the
vectors spanning HA and HB , C = [A|B], and then the dimension of the trivial
space is given by N3 = N − rank(C). Finally, D ≡ A†B, the discriminant
matrix used in the next section, has dimension Sp by Sq. Therefore D will have
d = min(Sp, Sq) singular values only some of which are non-zero. In the next
section, we will calculate 2d eigenvectors in the active space. Therefore, there
are rank(C)− 2d remaining vectors in the inactive space.

In the next section, we turn to the eigendecomposition of the W operator
and lastly, in Section 3, we will consider two examples: Grover’s one-dimensional
bi-reflections and reversible Markov chains.
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Figure 1: A graphical interpretation of the Hilbert space partitioning determined
by the projectors in (1) and (2). Letting HA be the red circle and HB be the
blue circle, figures 1a and 1b depict the inactive space where only sign changes
occur, figure 2 is the space where interesting evolution occurs and figure 3 shows
the space that is trivial. Using notation from set theory, the inactive space is
HA ∪ HB − HA ∩ HB , the active space is HA ∩ HB and the trivial space is
(HA ∪HB)c where Ac denotes the complement of set A.

2 Eigendecomposition of W

2.1 SVD of discriminate matrix

The discriminate matrix is defined as D ≡ A†B and has a singular value de-
composition, D = UΣV †, regardless of the dimension of spaces HA, HB , and
Hv. For a review of the singular value decomposition see the previous lecture.
The left singular vectors |uj〉 satisfy,

D|vk〉 = A†B|vk〉 = σk|uk〉 (10)

and the right singular vectors,

〈uk|D = 〈uk|A†B = 〈vk|σk, (11)

with σk the singular value. It is important to point out that {vk} and {uk} are
not in the same Hilbert space as |ψy〉 and |φx〉.

The fact that projectors cannot increase length indicates that the singular
values ofD are less than or equal to unity. Notice that |Bv| =

√
(B|v〉)†(B|v〉) =√

〈v|B†B|v〉 ≤
√
〈v|v〉 = |v|. We are using a norm based on the inner product
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of the Hilbert space. By definition B†B =
∑
y |y〉〈y| is a projector on a space

with dimension less than or equal to the full space. Thus, the singular values of
D = A†B must be less than or equal to 1 since |Bv| ≤ |v′| and |A†v′| ≤ |v′|.

If σk = cosϕk then ϕk is called the canonical angle as discuss in the previous
lecture and characterizes the ‘angles’ between subspaces HB and HA.

2.2 Eigenvectors on the active space

The singular vectors of D can be used to characterize the eigenvectors of W on
the active space. The (normalized) eigenvectors are

| ± k〉 =
B|vk〉 − e±iϕkA|uk〉√

2− 2σ2
k

=
B|vk〉 − (σk ± i

√
1− σ2

k)A|uk〉√
2− 2σ2

k

. (12)

Note that | ± k〉 is in the edge space (HA ⊗HB) while |uk〉 and |vk〉 are in the
HA and HB spaces, respectively. The corresponding eigenvalues are:

exp(±2iϕk) = 2σ2
k − 1± 2iσk

√
1− σ2

k. (13)

To demonstrate this, two preliminary relations are established. First,

WB|vk〉 = RARBB|vk〉 = RAB|vk〉 (14)

= 2A(A†B)|vk〉 −B|vk〉 (15)

= 2σkA|uk〉 −B|vk〉 (16)

In (14), since B|vk〉 is in HB the reflection RB acts as the identity.
Next, using (16) and the conjugate transpose of (11),

WA|uk〉 = RA(2BB† − 1)A|uk〉 (17)

= RA[2B(B†A)|uk〉 −A|uk〉] (18)

= RA[2σkB|vk〉]−A|uk〉 (19)

= 2σk(2σkA|uk〉 −B|vk〉)−A|uk〉 (20)

= (4σ2
k − 1)A|uk〉 − 2σkB|vk〉 (21)

Now returning to (12),

WB|vk〉 − e±iϕkWA|uk〉 (22)

= 2σkA|uk〉 −B|vk〉 − e±iϕk
[
(4σ2

k − 1)A|uk〉 − 2σkB|vk〉
]

(23)

=
{

2σke
±iϕk − 1

}
B|vk〉 − e±iϕk

{
4σ2

k − 2σke
∓iϕk − 1

}
A|uk〉 (24)

= (e±2iϕk)[B|vk〉 − e±iϕkA|uk〉] (25)

= e±2iϕk | ± k〉 (26)

Equation (24) requires several algebraic manipulation of basic trigonometric
identities. Specifically, note: e±2iϕk = (σk±i

√
1− σ2

k)2 = 2σ2
k±2iσk

√
1− σ2

k−
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1. Expanding both terms in the brackets with e±iϕk = σk±i
√

1− σ2
k one arrives

at the desired conclusion.
Now we consider the possible singular values. If 0 < σk < 1 then there are

two corresponding eigenvectors in the active space. However, when σk = 1 there
is no active space as ϕk = 0 and geometrically the spaces are collinear. When
σk = 0, the spaces are orthogonal and again the active space cannot contain
any non-trivial trajectories.

2.2.1 The generator of evolution

Summarizing the results of this section, any bi-involution operator can be writ-
ten

W =
∑

k∈HA∩HB

e±2iϕk |±k〉〈±k|+
∑

z∈Hc
A∩Hc

B

|z〉〈z|−
∑

c∈HA∪HB−HA∩HB

|c〉〈c| (27)

Since W is unitary,

W = e−iHw =
∑
k

e−iλ|λk〉〈λk| = e−i(
∑

k λk|λk〉〈λk|), (28)

and its Hamiltonian generator is

Hw =
∑

HA∪HB−HA∩HB

π|c〉〈c|+ 2
∑

HA∩HB

(∓2ϕk)| ± k〉〈±k|. (29)

3 Basic examples

3.1 Grover’s operator

The canonical angle for the Grover’s operator is obtained by inspection of Figure
2 from Lecture 1. With the φr as the angle depicted, the canonical angle for
the Grover operator is ϕ = π/2 − φr. Using (12), the eigenvector of Grover’s
operator is

|±〉 =
|w〉 − (sinϕ± i cosϕ)|s〉√

2 cosϕ
(30)

=
|w〉√

2 cosϕ
− sinϕ± i cosϕ√

2 cosϕ
(cosϕ|r〉+ sinϕ|w〉) (31)

=
1− sin2 ϕ∓ i cosϕ sinϕ√

2 cosϕ
|w〉 ∓ icosϕ∓ i sinϕ√

2
|r〉 (32)

=
e∓iϕ√

2
(|w〉 ± i|r〉) (33)

Here the definition of |r〉 in (L1.11) and identity sin2 θ + cos2 θ = 1 were used.
Examining the rotation matrix in (L1.15), it can easily be seen that this is
correct by inspection.
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3.2 Mixing times and gaps

The mixing time of a Markov matrix is governed by the inverse of the eigenvalue
gap between the highest and the second highest eigenvalues. This characteri-
zation is especially fruitful if the dynamics are not periodic and a path exists
between all sites in space since in this case the equilibrium state is unique and
has strictly positive entries.

This relaxation time also governs the speed of Markovian search algorithms [2,
1, 3, 4], the complexity of simulated annealing [5] and Metropolis type algo-
rithms [6, 7]. The eigenvalue gap of a Markov chain can also be related to the
eigenvalue gap between the ground state and first excited state along adiabatic
paths [8].

Using the scheme of Szegedy, many quantum algorithms have been devel-
oped which improve upon these applications of Markov chain methods each
obtaining a quadratic improvement of the algorithm due to a quadratic opening
of the eigenvalue gap of the quantum Markov chain [1, 9, 5, 3, 4]. Briefly, let
us review relevant results from Markov theory before giving examples of their
quantization.

3.3 Reversible Markov matrices

Let P be a time reversible Markov transition matrix with matrix elements Pij =
prob(si → sj). By reversible we mean that the reversed chain P (∗) exists with

ξiP
(∗)
ij = ξjPji (34)

where ξ is the left eigenvector of P with unit eigenvalue (the equilibrium or
steady-state distribution). The naming comes from the fact that the reversed
Markov chain P (∗) preserves the same equilibrium distribution. Since one must
divide by the elements of the equilibrium probability vector, it must have all
non-zero entries i.e. the chain must be ergodic.

Now, order the eigenvalues {λi} of P in decreasing magnitude and let P =
λi|ni〉〈ni|. Each eigenvalue has magnitude less than one (assuming the chain
is aperiodic) due to the properties of Markov chains (cf. Perron-Frobenius
theorem [10]). Moreover, λ1 = 1 corresponds to the equilibrium distribution
|n1〉 = |ξ〉. By decomposing the Markov chain as

P txy =

√
ξj
ξi

∑
λti|ui(x)〉〈ui(y)| (35)

with ui(x) =
√
ξxni(x) the eigenvectors of S =

√
diag(ξ)P

√
diag(ξ)−1. The

decay of the eigenvectors corresponding to eigenvalues less than one is domi-
nated by λ2. In fact, the convergence time to the equilibrium distribution is
proportional to (1− λ2)−1.
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3.4 Quantization

Now let us consider the quantization of an ergodic, aperiodic Markov chain P
and its reverse Markov chain, P (∗). The discriminate matrix is

Dxy =

√
pxyp

(∗)
yx = pxy

√
ξx
ξy
. (36)

where we used the definition of the reversed chain (34). Note that the dis-
criminant is equal to S =

√
diag(ξ)P

√
diag(ξ)−1 = D introduced in the last

subsection. Since we assumed that P is ergodic, ξ has full support and
√

diag(ξ)
can be inverted. Notice that diag(ξ) is a matrix.

The eigenvalue decomposition of D = λk|wk〉〈wk| has the eigenvalues of P
and the eigenvectors are given by the re-weighting of the k-th eigenvector of P
with ξ:

〈x|wk〉 = wk(x) = ξxnk(x) = ξx〈x|nk〉

Since each λk is real, the singular values are the same as eigenvalues. Thus the
canonical angles are given by λk = cosϕk.

We will use these canonical angles to show that the Szegedy operator has a
quadratically larger eigenvalue gap than the original Markov chain. We need to
first show two inequalities then the bound will follow.

The first inequality we have to demonstrate is

2θ ≥ 2
√

1− cos2 θ (37)

First we show: 2θ ≥ 2
√

1− cos2 θ by bounding the slopes and then showing the
end points also satisfy the constraint. The slope of the right and left hand sides
are given by (RHS) = 2 d

dθ

√
1− cos2 θ = 2 cos θ and (LHS) = 2 d

dθ θ = 2. Thus
the left hand side grows faster or at the same rate as the right hand side. At the
end points of the relevant domain, [0, π2 ), we have at θ = 0: LHS = RHS = 0
and at π

2 we have LHS = π and RHS = 2. Thus, RHS ≥ LHS and we have

proven that 2θ ≥ 2
√

1− cos2 θ.
The second inequality to be shown is√

1− cos2θ ≥
√

1− cos θ (38)

Since cos θ ≤ 1 :

cos2 θ ≤ cos θ (39)

− cos2 θ ≥ − cos θ (40)

1− cos2 θ ≥ 1− cos θ (41)√
1− cos2 θ ≥

√
1− cos θ (42)

The gap of the Markov chain P is by 1 − λ2 = 1 − cosϕ2. Finally, since
the maximum eigenvalue is unity the canonical angle is ϕ1 = 0. From (12), the
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eigenvalue gap of W is, |e±iϕ1 − e±iϕ2 | = |1− e±iϕ2 | =
√

2
√

1− cos(ϕ2) Using
the inequalities (37) and (38) just derived,

2ϕ2 ≥ 2
√

1− cos(ϕ2) (43)

Thus, we see a quadratic improvement in algorithms that depend on the eigen-
value gap of the Markov chain. In the next lecture, we will continue with more
interesting applications, examples, and future directions for research.
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